INTRODUCTION
In [M] , Mazur discussed a generalization of classical Iwasawa theory for the class group of a number field to the Selmer group of an elliptic curve over a number field. Let F ÂF be the cyclotomic Z p -extension of an algebraic number field F. We denote the n-th layer of F ÂF by F n . For the p-primary Selmer group Sel(EÂF n ) [ p] of an elliptic curve E over F, we have the following exact sequence,
where E(F n ) is the F n -valued points of E and III(EÂF n )[ p] is the p-primary subgroup of the Tate Shafarevich group of EÂF n . Mazur proved the following theorem.
Assuming certain conditions of criticalness and the nonvanishing of the p-adic L-function, Greenberg conjectures that Sel(F, A ) is a cotorsion R-module and that the divisor associated to the Pontrjagin dual Sel(F, A ) @ of Sel(F, A ) is related to the divisor associated to the p-adic L-function (Iwasawa main conjecture for the Galois deformation T ). Thus it is important to control the behavior of this Selmer group under restriction maps.
From now on through this Introduction, we assume that R is equal to 4 O . Let I=[(P i )] i # I be a set of principal ideals of 4 O such that 4 O Â(P i ) is a free Z p -module of finite rank. For the discrete 4 O -module A , we define A [P i ] to be the submodule of (P i )-torsion elements in A . Then we have the following:
Theorem A (Theorem 2.2). Let T , A be as above and let (P i ) # I. For each v # 7, we define torsion 4 O -modules C v , C (2) Assume that the group
Then the cokernel of r i (resp. r str i ) is a finite group whose order is bounded by an integer which does not depend on i # I.
We give some applications of Theorem A. First, we treat the deformation arising from the cyclotomic Z p -extension. Let V be an ordinary representation (see Definition 3.1 for the definition of ordinary deformation) of G F and let T be a G F -stable lattice of V. We denote the discrete Galois module T Z n Q p ÂZ p by A. Let F ÂF be the cyclotomic Z p -extension of a number field F. Then the strict Selmer group Sel str (F n , A) is defined by using the filtration coming from the assumption of ordinarity (see the beginning of Section 3). For T as above, we have the deformation T of T which is rank 2 over 4 called the cyclotomic deformation of T (see Definition 3.4) . The cyclotomic deformation T is the deformation such that Sel str (F, A )= Sel str (F , A) and that (see Proposition 3.3)
for the set of ideals I=[(| n )] n # Z 0 , where | n =(1+X) p n &1. By using this translation into the language of Galois deformations, we apply our Theorem A to the situation coming from the cyclotomic Z p -extension. We have the following theorem as a corollary of Theorem A.
Theorem B (Theorem 3.5). Let V be an ordinary p-adic representation of G F and let T be a G F -stable lattice of V. We denote T Q p ÂZ p by A. Let F ÂF be the cyclotomic Z p -extension of F. Then the following statements hold:
, the kernel of the restriction map
is a finite group whose order is bounded by an integer which is independent of n.
Assume that the eigenvalues of the action of Frob
are not roots of unity for all v | p and each i 0. Then the cokernel of the restriction map r n is a finite group whose order is bounded independent of n.
This theorem is applied especially to the representation associated to an ordinary modular form or an odd power symmetric product of the Tate module of an elliptic curve (see Propositions 3.8 and 3.9) .
Next, we discuss a deformation of a Galois representation which does not come from a Galois extension. Hida constructed a p-adic interpolation of representations associated to modular forms when their weights vary. We consider the set of principal ideals
He constructed a rank 2 free 4 O -module T with continuous G Q -action such that T mod P k is equivalent to the representation associated to a weight k cusp form for each k 2. We apply Theorem A also to the Selmer group for this 4-adic representation.
has finite kernel and cokernel whose orders are bounded independent of k.
In general, Hida's deformation T of the representation of a modular form is not necessarily defined over 4 O . Hida's Galois deformation T is sometimes defined over a certain larger ring R which is finite flat over 4 O . By using results from Hida's theory, we obtain a result similar to Theorem C for general base R (see Section 5 for the precise statements). Finally, we state a corollary of Theorem C, which is a partial result to the Iwasawa main conjecture for Hida's Galois deformation. By using Kato's result on Selmer groups of a modular forms, we obtain the following corollary:
Corollary D (Corollary 5.7, Remark 5.8). Let T be a Hida's Galois deformation as stated above. Then the Selmer group Sel(Q, A ) is a cotorsion R-module.
Outline. The outline of this paper is as follows. In Section 2, we shall give a sufficient condition for Greenberg's Selmer group to be controlled in general situations. We show some applications of our theorem in Sections 3 5. In Section 3, we consider the behavior of the Selmer group for a modular form or the symmetric power of an elliptic curve in the cyclotomic Z p -extension. In Section 4, we recall known results concerning 4-adic forms and associated Galois deformations developed by Hida. After these preparations, we state some applications to the Hida deformation of the p-adic representation of a modular form in Section 5.
Notation. For a field K, we denote Gal(K ÂK) by G K where K is the separable closure of K. For a number field F and a prime v of F, we denote by D v (resp. I v ) the decomposition subgroup (resp. the inertia subgroup) of G F at v. Throughout the paper, the Frobenius Frob v at v denotes the arithmetic Frobenius at v.
For a commutative ring R, we denote by R _ the group of invertible elements in R. If M is a finitely generated free Z p -module (resp. Q p -module, 4-module), we denote the linear dual Hom
When we are given a character }~: G F Ä 4 _ , we define 4(}~) as the free 4-module of rank 1 on which G F acts by }~. For a commutative ring R, an R-module M, and an ideal p of R, we denote by M[p] the set of elements of M annihilated by any element of p. If (P) is a principal ideal of R, we write M[P] instead of M[(P)] for simplicity. Similarly, we denote the quotient module MÂ(P) M by MÂPM. For a finite set S, we denote the cardinality of S by >S. Throughout this paper, we assume that the fixed prime number p is odd.
CONTROL THEOREM FOR GREENBERG'S SELMER GROUP
In this section, we give a sufficient condition for Greenberg's Selmer group to be controlled (Theorem 2.2). Let 7 p be the finite set of the primes of F dividing p and let 7 be a finite set of finite primes in F containing 7 p . Let T be a 4 O -adic representation of G F which is unramified outside 7. That is, T is a free 4 O -module of finite rank with continuous G F -action unramified outside 7. We define A by T
, we define Selmer groups as follows: Definition 2.1. Let the notations be as above. The Selmer group (resp. the strict Selmer group) Sel(F, A ) (resp. Sel str (F, A )) is defined as follows: 
We fix a set of ideals I=[(P i )] i # I of 4 O such that 4 O Â(P i ) is finite flat over O. For each i # I, there exists a natural restriction map:
For each v # 7, the 4 O -module C v is defined as follows,
where ( ) I v means the maximal I v -coinvariant quotient and ( )* denotes the 4 O -linear dual here. Similarly, C str v is defined as follows:
We have the following theorem: Theorem 2.2. Let T , A be as above and let (P i ) # I.
. Then the kernel of the restriction map r i (resp. r str i ) is a finite group whose order is bounded by the order of the largest finite submodule of (T *) G F .
Assume that the group
Then the cokernel of the restriction map r i (resp. r str i ) is a finite group whose order is bounded by >(
Especially, the order of the cokernel of r i (resp. r str i ) is less than or equal to the integer >(
, which is independent of i.
Proof of Theorem 2.2. We prove the assertion only for the usual Greenberg's Selmer group Sel(F, A ). The proof for the strict Selmer group is done exactly in the same way.
Let us prove the assertion for the kernel. We have the following commutative diagram:
, ,
Hence, we have only to show that
is a finite group whose order is bounded by the order of the largest finite submodule of (T *) G F . We have the following lemma:
where Q is the maximal finite submodule of Q.
Proof. By the classification theorem of finitely generated 4-modules due to Iwasawa and Serre, we have the following exact sequence of 4 O -modules,
where Q is finite, + i , * j are integers, ? O is a prime element of O, and f j are distinguished irreducible polynomials (see [Wa, Theorem 13 .12], for example). By the assumption that QÂP i Q is finite, the map Q wÄ
is a finite group whose order is bounded by the order of the largest finite 4 O -submodule of (T *) G F by applying Lemma 2.3 to the 4 O -module (T *) G F . This completes the proof of Theorem 2.2(1).
Next, we prove the assertion for the cokernel. Let us recall the following well-known lemma:
Lemma 2.4. Let A be a discrete G F -module and let 7 be a finite set of primes of F which contains all primes above p. Assume that A is unramified outside 7. Then we have
, where F 7 is the maximal extension of F which is unramified outside 7 and H 1 (F 7 ÂF, A) is defined to be H 1 (Gal(F 7 ÂF), A).
Thus we have the following commutative diagram due to Lemma 2.4:
Since the map s i is surjective by the exactness of the sequence:
The cokernel of the map r i is a subquotient of the kernel of t i by the snake lemma. From this, it suffices to bound the kernel of t i . The module Ker(t i ) is isomorphic to:
It is the Pontrjagin dual of
Hence the module Ker(t i ) is the Pontrjagin dual of the module
by the definition of C v . On the other hand, 
GALOIS THEORETIC DEFORMATION FOR GREENBERG'S SELMER GROUP
In this section, we apply Theorem 2.2 to the strict Selmer groups of ordinary Galois representations in the cyclotomic deformation case. As applications, we treat the representation associated to a modular form and the representation associated to the symmetric power of an elliptic curve.
Let V be a p-adic representation of G F ; that is, V is a finite dimensional vector space over a finite extension K of Q p equipped with continuous G F -action. Let us fix a G F -stable lattice T of V. We denote the discrete G F -module T O KÂO by A. Let 7 p be the set of primes of F dividing p and let us fix a finite set 7 of finite primes of F which contains 7 p . We assume that the representation V of G F is unramified outside 7. We fix a filtration 0/F
The definition of the strict Selmer group is as follows:
As an important class of p-adic representations, we have ordinary representations. The definition is as follows: For a quasi-ordinary representation V, we define the filtration F
Hence we attach the strict Selmer group Sel str (F, A) to a G F -stable lattice T/V by Definition 2.1.
Let F be an abelian extension of F which is contained in F 7 . Here, we do not necessarily assume F ÂF to be a finite extension. We denote the Galois group Gal(F ÂF ) simply by G. The Galois group G is written as the projective limit
where G : runs through all finite quotients of G, which corresponds to finite Galois extensions F/F : (/F ). In case F is not finite over Q, the Selmer group Sel str (F , A) is defined by the inductive limit:
By Shapiro's lemma, we have:
For each :, we have an isomorphism:
By taking the inductive limit of the equation given in the above lemma, we have:
The following proposition is essentially proved in Greenberg's paper [Gr2, Proposition 3.2] . But for our purpose we need the following precise form:
For each :, we have:
By taking the inductive limit of this equality, we have:
Proof. We have the following commutative diagram,
where the module D : (A) (resp. D : (AÂF
: is the set of primes of F : which are over 7, and D :, w (resp. I :, w ) is the decomposition (resp. inertia) subgroup of G F: at w. In the above diagram, the map t : on the right is defined as follows. Let D :, v (resp. I :, v ) be the decomposition (resp. inertia) subgroup of G : at v. The map t : restricted to the first factor is induced by the map Definition 3.4 (Greenberg [Gr2] ). We define T (resp. T ÂF
Then we have the following commutative diagram due to Proposition 3.3,
where
Thus we translated the problem into the language of deformation theory. Applying Theorem 2.2 to this situation, we obtain the following result:
Theorem 3.5. Let V be an ordinary (resp. a quasi-ordinary) p-adic representation of G F and let T be a G F -stable lattice of V. We denote T Q p ÂZ p by A. Let F ÂF be the cyclotomic Z p -extension of F. Then the following statements hold:
is a finite group. Furthermore, if H 0 (F n , V )=0 for all n 0, the order of the kernel of r n is bounded independent of n.
2.
Assume that the eigenvalues of the action of Frob v (resp. the eigenvalues of the action of a lift of
are not roots of unity for all v | p and all i 0. Then the cokernel of the restriction map r n is a finite group whose order is bounded independent of n.
Before proving the theorem, We give a remark on the relation between the above theorem and Mazur's control theorem stated in Section 1. Let E be an elliptic curve over Q which has good ordinary reduction at p. Then V=T p (E ) Q p is an ordinary representation of G Q . Hence we attach Sel
It is easy to see that the above representation A of G Q satisfies the assumptions of Theorem 3.5(1) and (2) . Hence the kernel and the cokernel of the restriction map Sel str (Q n , A) wÄ r n Sel str (Q , A) 1 n are bounded independent of n. As for the relation between this strict Selmer group and the classical Selmer group Sel(EÂQ n )[ p] for the elliptic curve E, the following result is known: Proposition 3.6 (Greenberg [Gr1, CG] ). Let E be an elliptic curve over Q which has good ordinary reduction at p. Let us denote E[ p ] by A. For each n, we have a natural injection Sel(EÂQ n )[ p] / wÄ i n Sel str (Q n , A). The order of the cokernel of the map i n is a finite group whose order is bounded independent of n.
Hence we recover the result of Mazur (Mazur's control theorem) in this case.
Let us return to the proof.
Proof of Theorem 3.5. By the assumption,
Thus (1) follows by applying Theorem 2.2(1).
Let us prove the assertion for the cokernel. We have only to check that the group
which is defined in Section 2 satisfies the condition of Next, we consider the case v | p. By definition, the filtration F 
4(}~)).
By the assumption that V is quasi-ordinary, there exists a nonempty open subgroup J v of I v such that J v acts nontrivially on ((Fil
T )* is given by:
The eigenvalues of the action of a lift (2) by the preceding remark. K As an attempt to generalize classical Iwasawa theory to Iwasawa theory for motives, explicit examples, primarily being the representations associated to modular forms or the symmetric powers of elliptic curves, are actively studied. We apply our Theorem 3.5 to these representations.
Let f = n=1 a n q n # S k (1 0 (N ), ) be a normalized newform of weight k 2 and of level N prime to p where is a Dirichlet character mod N. Deligne attached a p-adic representation \ f : G Q Ä GL 2 (Q f, p ) to f where Q f is the number field generated by [a n ] n over Q and p is a prime of Q f over p. We denote this 2-dimensional Q f, p -vector space by V f . We assume further that a p is a p-adic unit. Let us recall the following result, which was originally proved by Deligne in his letter to Serre. Later, Mazur and Wiles gave another proof by using Hida's theoretic method. Since the original proof by Deligne is unpublished, we refer to [Wi, Theorem 2.1.4] and [Gro] . Proposition 3.7 (Deligne, Mazur-Wiles) . Let f = n=1 a n q n be a normalized newform of weight k 2 for 1 1 (N). Assume that a p is a p-unit. Then the representation
restricted to the decomposition group D p of p, is equivalent to the representation of the form:
Here, = 2 is the unramified character such that = 2 (Frob p )=: where : is the p-adic unit root of x 2 &a p x+ ( p) p k&1 , is the Nebentypus character for f, and Frob p is the p th power arithmetic Frobenius.
From the Iwasawa theoretic viewpoint, important among Tate twists V f (r) of V f are those such that V f (r) are critical (we do not give the definition of critical representations here, but see [De2] , for example). It is known that V f (r) is critical when 2&k r 0. Let V be V f (r) with 2&k r 0. Let us fix a G Q -stable lattice T of V. By Proposition 3.7, V f (r) is a quasi-ordinary representation of G Q . So V f (r) is quasi ordinary as a representation of G Qn for each n 0. Therefore we associate a strict Selmer group Sel str (Q n , A) to A=T Q p ÂZ p for each n 0. By taking the inductive limit with respect to n, we define Sel str (Q , A)= n Sel str (Q n , A).
Proposition 3.8. Let Q ÂQ be the cyclotomic Z p -extension of Q. We denote V f (r) with 2&k r 0 by V. Let T be a G Q -stable lattice of V. We denote T Q p ÂZ p by A. Then the kernel and the cokernel of the restriction map
are finite groups whose orders are bounded independent of n.
Proof of Proposition 3.8. We have only to check the conditions of Theorem 3.5 for these representations.
In order to prove the assertion for the kernel of r n , we have only to show that H 0 (Q n , V )=0 for each n according to Theorem 3.5(1) . First, consider the case where the weight of the Galois representation V f (r) is not zero; that is, we consider the case where 1&k&2r is not zero. Then we see that H 0 (Q n , V f (r))=0 by considering the action of the Frobenius Frob l for l |3 Np.
Next, consider the case where f is not of CM-type (we do not give the definition for a cusp form f to be of CM-type, but we refer the reader [R1] for the definition). If f is not of CM-type, the image of G Q in Aut (V f (r) ) is an open subgroup of Aut(V f (r)) (cf. [R1, R2] ). Since G Q n is open in G Q , the image of G Q n is also an open subgroup of Aut(V f (r)). Hence, even in the case where the Galois representation V f (r) has weight zero, we see that H 0 (Q n , V f (r))=0. Now the case left for us is V f (r) such that f is of CM-type and 1&k&2r=0. In this case, there exists a quadratic imaginary extension K of Q with the property that for any open subgroup H of G Q , the action of H on V f (r) is irreducible if and only if H/ 3 G K (cf. [R1, Proposition 4.4] ). Now since we are assuming that p is odd, G Q n is not contained in G K for any n. This completes the proof of the assertion for ker(r n ).
The graded quotient Fil . Since : has complex absolute value p (k&1)Â2 , : is not a root of unity. K We also treat the symmetric power of the representation associated to an elliptic curve. Let E be an elliptic curve over Q which has good ordinary reduction at p. We denote the p-unit root of x 2 &a p x+ p by : E . Then
is also an ordinary representation and we have Fil
, where = is the unramified character of D p such that =(Frob p )=: E . As in the previous case, we concentrate on critical Tate twists of V d (r). It is known that the only critical Tate twist
2 ) when d is odd (cf. [Da] ). So we treat only the case r= d+1 2 . We have the following theorem as a corollary of Theorem 2.2:
) where d is an odd positive integer. Then the restriction map
has finite kernel and cokernel which are bounded independent of n.
) has weight &1. Thus the assertion for the kernel follows from Theorem 3.5(1).
Let us prove the finiteness and boundedness of the cokernel. The eigenvalues of the action of the arithmetic Frobenius Frob p on (Fil
are not roots of unity since : E has complex absolute value p 1Â2 . Thus the condition of Theorem 3.5 (2) 
Let f be a newform in S k (1 1 (N ), ; O) . Assume that the eigenvalue a p of f for the Hecke operator T p is a p-adic unit. We define f * by f *= f (z)&;f ( pz), where ; is the unique root of x 2 &a p x+ ( p) p k&1 with | ;| <1. Then f * is the p-stabilized newform and the n th Fourier coefficient of f equals the n th Fourier coefficient of f * if p does not divide n. We call this f * the p-stabilized newform associated to f. Definition 4.5. Let K F be the field of fraction of R F . The representation \:
which is stable under G Q -action such that \: G Q Ä Aut(L) is continuous with respect to the topology of L defined by the maximal ideal of R F and that L
Theorem 4.6 (Hida [H2] ). Let F be a 4-adic newform. Then, there exists a continuous irreducible representation \ F : G Q Ä GL 2 (K F ) satisfying the following properties:
1. \ F is unramified outside Np.
or l |3 Np, we have
where is the Dirichlet character of
We have the following proposition due to Mazur and Wiles:
Proposition 4.7 [Wi, Theorem 2.2.2] . Let the assumptions be as in Theorem 4.6. Then the restriction \ F | D p to the decomposition group D p of \ F is equivalent to the representation of the form
t is the unramified character such that = 2 t (Frob p )=A( p, F).
In order to study the Iwasawa theory for Hida deformations, we will always assume the following condition:
The condition (Int) is satisfied in fairly general situations. Before stating some sufficient conditions for (Int) to be satisfied (Proposition 4.9), we introduce some necessary notations.
Definition 4.8. Let k F be the residue field of R F modulo the maximal ideal m F of R F . A semi-simple representation \Ä : G Q Ä GL 2 (k F ) is called the residual representation associated to F if \Ä is unramified outside Np and the characteristic polynomial of the arithmetic Frobenius Frob l for each prime l |3 Np is congruent to
Such residual representation is always known to exist and it is unique up to isomorphism.
Proposition 4.9 (Mazur Wiles, Tilouine, Mazur Tilouine) . Let the notations be as above. Then the condition (Int) holds if one of the following conditions is satisfied:
1. The tame conductor N of F is equal to 1 and the ring R F is Gorenstein (Mazur Wiles [MW, Section 9] ).
2. Let a be a number such that | (ZÂpZ) _ =| a where | is a Teichmuller character. Then a 0, &1 modulo p&1 and the ring R F is Gorenstein (Tilouine [Ti, Theorem 4.4] ).
3. The residual representation is irreducible (Mazur Tilouine [MT, Section 2, Corollary 6]).
CONTROL THEOREM FOR HIDA DEFORMATION
In this section, we apply Theorem 2.2 to the Selmer group for the 4-adic representation T associated to a 4-adic form F. We continue to use the notations of the previous section. Throughout this section, we assume the condition (Int). By Proposition 4.7, T has the decreasing filtration 0/F
is a rank 1 R F -module on which D p acts via the character =~1 . By using this filtration F + p T , the Selmer group Sel(Q, A ) is defined (see Definition 2.1). Let us define the set of ideals I of R F as follows:
We control the Selmer group Sel(Q, A ) under the specialization at the ideals in I by applying Theorem 2.2. The result is as follows:
Theorem 5.1. Let T be the 4-adic representation associated to a 4-adic newform F of tame conductor N and Dirichlet character . Then the kernel and the cokernel of the restriction map,
are finite groups for each p # I. Furthermore, let us assume that R F is equal to 4 O . Then the order of the kernel of r p is bounded by the order of the largest finite submodule of (T *) G Q and the order of the cokernel of r p is bounded by the order of the finite group l | N C l , where C l is the largest finite submodule of the 4 O -torsion part C l of (T *) I l for each l | N.
Remark 5.2. Let F be the 4-adic newform which extends a p-stabilized newform f # S k (1 1 (Np r ); ). Then R F is equal to 4 O if there is no other p-stabilized newform f $ # S k (1 1 (Np r ); ) which is congruent to f modulo (? O ). Especially, R F is equal to 4 O if the dimension of the ordinary part of S k (1 1 (Np r ); ) is one.
Proof of Theorem 5.1. The 4 O -module T is free of rank 2d over 4 O where d=rank 4O R F . Let (P k ) be the principal ideal ( (1+X )
First, we show that the kernel (resp. cokernel) of the restriction map
is a finite group whose order is bounded by the order of the largest finite subgroup of (T *) G Q (resp. the order of of the finite group Lemma 5.3. Let F be a 4-adic newform of tame conductor N. Then the following statements hold:
1. For each k 2, there exists exactly d primes dividing (P k ) and the kernel and cokernel of the natural map
2. For each k 2 and each p | (P k ), the tame conductor of the cusp form F Âp is N.
By the above lemma, the representation (T ÂP
Next, let us prove the assertion for the cokernel of the restriction map r k . By Theorem 2.1(2), we have only to show that
group for each k 2. Let us recall the following result on Fourier coefficients of newforms due to Ogg:
Proposition 5.4 (Ogg [Og] ). Let M 1 be an integer. Let f = a n q n # S k (1 1 (M ); ) be a weight k newform of conductor M with Dirichlet character and let l be a prime number dividing M. We denote by f( ) the conductor of Dirichlet character . . A theorem of Carayol [Ca] guarantees the equality of the automorphic L-function of a modular form and the L-function of the l-adic representation associated to the modular form. On the other hand, Proposition 5.4 gives the description of l th Fourier coefficients of a modular form f only in terms of the conductor and the Dirichlet character of f. Combining these results with Lemma 5.3(2), we obtain the following:
On the other hand, the kernel and the cokernel of the natural map
are finite groups by Lemma 5.3 (1) . Hence, we have
for each k 2. Thus we have the following lemma:
Lemma 5.5. We see that
Furthermore, the module C l ÂP k C l is finite for each k 2 and each l | N, where C l is the 4 O -torsion part of the 4 O -module (T *) I l .
Let us denote by C p the 4 O -torsion part of the I p coinvariant quotient ((T ÂF 
is a finite group whose order is bounded by the order of the finite group
In the case where R F is equal to 4 O , this completes the proof of the theorem.
In case R F is not equal to 4 O , we need more argument. We have the following commutative diagram:
The following lemma is well known:
Lemma 5.6. Let V be a p-adic representation of G Q unramified outside a finite set 7 of primes of Q. Let us fix a filtration F + V/V as D p -module. We take two G Q -stable lattices T/T $ of V. Then the natural map Sel(Q, A) Ä Sel(Q, A$) induced from the map T Ä T $ has a finite kernel and a finite cokernel.
Hence the kernel and the cokernel of the map v 1 are finite groups. On the other hand, the kernel and the cokernel of the map v 2 are finite groups since Supp R F (R F Â(P k ))= p | (P k ) Supp R F (R F Âp)). Consequently, the kernel and the cokernel of the restriction map Sel(Q, A [p]) wÄ In some special cases, we know more about the restriction map. For example, we have the following corollary:
Corollary 5.9. Let the notations be as in Theorem 5.1. Let Z ur l be the integer ring of the maximal unramified extention Q ur l of Q l . Let E be a modular elliptic curve over Q which has good ordinary reduction or multiplicative reduction at p. Let F E be the 4-adic newform which extends the p-stabilized newform f * E associated to the newform f E corresponding to E (see Definition 4.2 and Theorem 4.4). Assume that R F is equal to 4 O . Then the following statements hold.
1. If the elliptic curve E has no nonzero p-torsion points over Q, the restriction map r k is injective for all k.
2. Assume that the number n~E , l of the components of the special fiber of the Neron model E l of E over Z ur l is not divisible by p for all prime l which divide N exactly. Then the restriction map r k is surjective for all k 2.
Proof. As for the statement (1), we have only to show that (T *) G Q =0 by using Theorem 5.1. Now (T *) G Q ÂP 2 (T *) G Q =(T *ÂP 2 T *) G Q =(T p E*) G Q . But the group (T p E*) G Q is zero by the assumption of (1) . Hence (T *) G Q is zero.
Let us show the statement (2). For l | N, let the module C l be as in Theorem 5.1. We have only to show that C l is zero for all l | N.
First, consider the case where l exactly divides N. In this case, (T *) I l has 4-rank 1. For the 4-torsion part C l of (T *) I l , the quotient C l ÂP 2 C l is isomorphic to the Z p -torsion part of (T p E*) I l . By the theory of Tate curves, the Z p -torsion part of (T p E*) I l is isomorphic to Z p Ân~E , l Z p . Since n~E , l is a p-unit by the assumption, C l ÂP 2 C l is zero and so are the modules C l and C l .
Next, we consider the case where l 2 divides N. In this case, (T *) I l is a torsion 4-module. By definition, C l is (T *) I l . The module C l ÂP 2 C l is (T p E*) I l . Since E has additive reduction at l and p 5, (T p E*) I l is zero. So the modules C l and C l are also zero. K In some cases, the control theorem (Theorem 5.1) and its corollary (Corollary 5.9) are useful to calculate the Selmer group Sel(Q, A ) of a Hida deformation T . Let us give an example. Consider Ramanujan's cusp form 2=q1 m (1&q m ) 24 = :
1 n {(n) q n , which has weight 12 and level 1. The p th coeficient {( p) is a p-unit except p=2, 3, 5, 7, 2411 for primes 10, 000. Let us consider the first ordinary 0 wÄ Im(H
